We introduce a novel approach to Bertini irreducibility theorems over an arbitrary field, based on random hyperplane slicing over a finite field. Extending a result of Benoist, we prove that for a morphism φ : X → P n such that X is geometrically irreducible and the nonempty fibers of φ all have the same dimension, the locus of hyperplanes H such that φ −1 H is not geometrically irreducible has dimension at most codim φ(X) + 1. We give an application to monodromy groups above hyperplane sections.
Introduction
Most Bertini theorems state that a moduli space of hyperplanes contains a dense open subset whose points correspond to hyperplanes with some good property, so if the moduli space has dimension n, the locus of bad hyperplanes has dimension at most n−1. In contrast, we exhibit Bertini theorems in which the bad locus is often much smaller.
1.1. Bertini irreducibility theorems. We work over an arbitrary ground field k. By variety, we mean a separated scheme of finite type over k; subvarieties need only be locally closed. Given P n , letP n be the dual projective space parametrizing hyperplanes in P n (over any field extension of k). The following is part of a theorem of Olivier Benoist:
Theorem 1.1 (cf. [Ben11, Théorème 1.4]). Let X be a geometrically irreducible subvariety of P n for some n ≥ 0. Let M bad ⊆P n be the constructible locus parametrizing hyperplanes H such that H ∩ X is not geometrically irreducible. Then dim M bad ≤ codim X + 1.
Example 1.2. For a hypersurface X ⊂ P n , Theorem 1.1 says dim M bad ≤ 2.
Remark 1.3. The bound codim X + 1 is best possible: see [Ben11, Section 3.1].
Remark 1.4. Benoist assumes that X is closed and geometrically integral, but these additional hypotheses can easily be removed. In fact, he bounds a larger set M bad that includes also the H such that H ∩ X is not generically reduced. Additionally, he proves a best possible analogue in which hyperplanes are replaced by hypersurfaces of a fixed degree e. Benoist's proof uses a degeneration to a union of hyperplanes.
Our key new observation is that the statistics of random hyperplane slices over a finite field give another way to bound the bad locus in Bertini irreducibility theorems. We were inspired by [Tao12] , which used random slicing to give a proof of the Lang-Weil theorem, and by [Sla17] , which used random slicing to refine the Lang-Weil bounds for hypersurfaces. Using this approach, we give a new proof of Theorem 1.1, and generalize it to a setting analogous to that in [Jou83, Théorème 6.3(4)]:
Theorem 1.5. Let X be a geometrically irreducible variety. Let φ : X → P n be a morphism. Let M bad be the constructible locus parametrizing hyperplanes H ⊂ P n such that φ −1 H is not geometrically irreducible. If the nonempty fibers of φ all have the same dimension, then dim M bad ≤ codim φ(X) + 1.
Example 1.6. In the setting of Theorem 1.5, if φ is dominant, then the conclusion states that dim M bad ≤ 1.
Theorem 1.5 can fail if the nonempty fibers of φ have differing dimensions:
Example 1.7. If X → P n is the blow-up of a linear subspace L ⊂ P n with codim L ≥ 2, then M bad parametrizes the hyperplanes containing L, so dim M bad = codim L − 1, but codim φ(X) + 1 = 1.
Nevertheless, Theorem 1.5 admits the following generalization:
Theorem 1.8. Let X be a geometrically irreducible variety. Let φ : X → P n be a morphism. Let W be the closed subset of x ∈ X at which the relative dimension dim x φ is greater than at the generic point. Let W 1 , . . . , W r be the irreducible components of W k of dimension dim X − 1. Let M bad be the locus of hyperplanes H such that φ −1 H is not geometrically irreducible. Let N be the locus of hyperplanes that contain φ(W i ) for some i. Then M bad differs from N in a constructible set of dimension at most codim φ(X) + 1.
Monodromy.
A generically étale morphism φ : X → Y between integral varieties has a monodromy group Mon(φ), defined as the Galois group of the Galois closure of the function field extension k(X)/k(Y ); see Section 8 for a more general definition requiring only Y to be integral. Now suppose Y ⊂ P n . For a hyperplane H ⊂ P n , let φ H be the restriction
The following theorem states that for all H ∈P n outside a lowdimensional locus, Mon(φ H ) ≃ Mon(φ). Theorem 1.9. Let φ : X → Y be a generically étale morphism with Y an integral subvariety of P n over an algebraically closed field. Let M good ⊂P n be the locus parametrizing hyperplanes H such that
Then the locus M bad :=P n − M good is a constructible set of dimension at most codim Y + 1. Example 1.11. Let k be of characteristic not 2, let X = Spec k[x 1 , . . . , x n , y]/(y 2 − x 1 ), and let φ : X → A n k ⊂ P n be the projection to A n k = Spec k[x 1 , . . . , x n ]. Then M bad is the 1-dimensional locus consisting of the hyperplanes x 1 = a for a ∈ k.
1.3. Structure of the article. After a brief notation section, Theorem 1.5 is proved in Sections 3 to 6. We apply it to prove Theorems 1.8 and 1.9 in Sections 7 and 8, respectively. The heart of our paper is the random slicing in Section 4 and its application towards irreducibility in Section 6.
Notation
The empty scheme is not irreducible. For a noetherian scheme X, let Irr X be the set of irreducible components of X. If X is an irreducible variety, let k(X) be the function field of the associated reduced subscheme X red . The dimension of a constructible subset C of a variety V (viewed as a topological subspace) equals the maximal dimension of a subvariety of V contained in C; then codim C :
Let S be a scheme, and let X be an S-scheme. Given a morphism of schemes T → S, let
Reduction to finite fields
We begin the proof of Theorem 1.5 by reducing to the case of a finite field. There exists a finitely generated Z-algebra R ⊂ k such that φ : X → P n k is the base change of a separated finite-type morphism (denoted using the same letters) φ : X → P n R . In the new notation, the original morphism is φ k : X k → P n k . By shrinking Spec R if necessary, we may assume that for each p ∈ Spec R, the fiber X p is geometrically irreducible [EGA IV 3 , 9.7.7(i)], the nonempty fibers of φ p all have the same dimension [EGA IV 3 , 9.2.6(iv)], and dim φ p (X p ) = dim φ k (X k ).
Let M bad ⊂P n R be the subset parametrizing hyperplanes H such that φ −1 H is not geometrically irreducible; since the φ −1 H are the fibers of a family, M bad is constructible [EGA IV 3 , 9.7.7(i)]. If we prove Theorem 1.5 for a finite ground field, so that dim (M bad ) p ≤ codim φ p (X p ) + 1 for every closed point p, then dim (M bad ) k ≤ codim φ k (X k ) + 1 too. Therefore from now on we assume that k is finite.
Random hyperplane slicing
Lemma 4.1. Let φ : X → P n (F q ) be a map of sets for some n ≥ 1. Let s be an upper bound on the size of its fibers. For a (set-theoretic) hyperplane H ⊂ P n (F q ) chosen uniformly at random, define the random variable Z := |φ −1 H|. Then its mean µ and variance σ 2 satisfy
Proof. For any y ∈ P n (F q ), define
Similarly, for any distinct y, z ∈ P n (F q ), define
The mean of Z is
and the variance is
The Lang-Weil bound
We will apply Lemma 4.1 when φ comes from a morphism of varieties over F q , so we need bounds on the number of F q -points of a variety. Throughout the rest of this paper, the implied constant in a big-O depends on the geometric complexity 1 but not on q.
Theorem 5.1 ([LW54]). Let X be a variety over F q . Let r = dim X. Proof. Parts (a) and (b) are Lemma 1 and Theorem 1 in [LW54] . As is well-known, (c) follows from (a) and (b), since if Z is an irreducible component that is not geometrically irreducible, then Z(F q ) is contained in the intersection of the geometric components of Z, which is of lower dimension.
Counting very bad hyperplanes
Consider a finite field F q ⊃ k. Call a hyperplane H ∈P n (F q ) very bad if the number of F q -irreducible components of φ −1 H that are geometrically irreducible is not 1. The bound on the variance in Lemma 4.1 will bound the number of very bad hyperplanes, because each such hyperplane contributes noticeably to the variance. Lemma 6.1. Let X be a geometrically irreducible variety over a finite field F q with a morphism φ : X → P n whose nonempty fibers are all of the same dimension. Then the number of very bad hyperplanes inP n (F q ) is O(q codim φ(X)+1 ).
Proof. Let Y = φ(X). Let r = dim X and m = dim Y , so the nonempty fibers of φ have dimension r − m. Consider the random variable #(φ −1 H)(F q ) for H chosen uniformly at random inP n (F q ). Let µ and σ 2 denote its mean and variance. By Lemma 4.1 and Theorem 5.1(a,b) applied to X, Y , and the fibers of φ,
If H is very bad, then φ −1 H = X, so each irreducible component of φ −1 H has dimension r − 1, and Theorem 5.1(c) implies that #(φ −1 H)(F q ) is either O(q r−3/2 ) or at least 2q r−1 − O(q r−3/2 ), so by (1),
Define t so that
Multiplying by the total number of hyperplanes over F q , which is O(q n ), gives O(q n−m+1 ). Let η be the generic point of B. All geometric components of ψ −1 η are defined over a finite extension K ′ of k(B). By choosing B ′ → B as above with k(B ′ ) = K ′ , we may reduce to the case that all irreducible components of ψ −1 η are geometrically irreducible. By passing to a finite extension of k and replacing B by an irreducible component of the base extension, we may assume also that B is geometrically irreducible.
If ψ −1 η is empty, then there is a dense open subset U of B above which the fibers are empty, and #U(F q ) = q dim B + O(q dim B−1/2 ) by Theorem 5.1(b), so the conclusion holds with c = 1/2.
Otherwise ψ −1 η has ≥ 2 irreducible components. Let W 1 and W 2 be their closures in V . The locus of b ∈ B such that the fibers of W 1 → B and W 2 → B above b are distinct geometrically irreducible components of ψ −1 b is constructible, so by replacing B by a dense open subvariety we may assume that the locus is all of B. Now for any F q ⊃ k, all b ∈ B(F q ) are very bad, and their number is q dim B + O(q dim B−1/2 ) by Theorem 5.1(b).
Proof of Theorem 1.5. Let B be an irreducible variety contained in M bad . Let V → B be the morphism whose fiber over a point corresponding to a hyperplane H is φ −1 H. By Lemma 6.2, for arbitrarily large q there are at least cq dim B very bad hyperplanes H ∈ B(F q ). On the other hand, by Lemma 6.1 there are at most O(q codim Y +1 ) very bad hyperplanes. Thus dim B ≤ codim Y + 1. Since this holds for all irreducible B ⊂ M bad , we obtain dim M bad ≤ codim Y + 1.
Proof of the most general version
Lemma 7.1. For a constructible set Y ⊂ P n , the locus of hyperplanes containing Y is a variety of dimension at most codim Y − 1.
Proof. Let L be the linear span of Y in P n . The hyperplanes containing Y are those containing L, which form a projective space of dimension codim L − 1 ≤ codim Y − 1.
Proof of Theorem 1.8. We may assume that k is algebraically closed. By Lemma 7.1, we may ignore hyperplanes H containing φ(X). Now every irreducible component of φ −1 H is of dimension dim X − 1. Let X ′ = X − W . By Theorem 1.5 applied to X ′ → P n , it suffices to consider H such that φ −1 H ∩ X ′ is geometrically irreducible. For such H, the following are equivalent:
Application to monodromy
Let K be a field. Fix a separable closure K s of K, and let G K = Gal(K s /K). If f : X → Spec K is finite étale, let Mon(f ) be the image of G K → Aut(X(K s )). More generally, if f : X → Y is finite étale with Y irreducible, let f K : X K → Spec K be the generic fiber, and define the monodromy group Mon(X/Y ) = Mon(f ) := Mon(f K ).
Let f : X → Y be a degree d finite étale morphism of schemes. Following [Vak06, Section 3.5], define the Galois scheme of f as the following open and closed Y -subscheme of the dth fibered power X × Y · · · × Y X:
If L/K is a finite separable extension, with Galois closure L, and f is Spec L → Spec K, then Mon(f ) ≃ Gal( L/K) and any connected component Z of GS(f ) is isomorphic to Spec L. Proof. Let K = k(Y ). Then Z(K s ) is a union of one or more G K -orbits in the set of bijections {1, . . . , d} → X(K s ). Thus G K → Aut(X(K s )) and G K → Aut(Z(K s )) have the same kernel, and hence canonically isomorphic images. Proof of Theorem 1.9. Let V ⊂ Y be the largest normal open subscheme above which φ is finite étale. If H satisfies (i), then (ii) holds if and only if H ∩ V is irreducible. By Theorem 1.1 applied to Y ⊂ P n and to V ⊂ P n , we may discard all H that fail (i) or (ii). Replace X → Y by φ −1 V → V .
Let Z be a connected component of GS(φ), and let f be the morphism Z → Y . For H such that H ∩ Y is irreducible, let h denote the generic point of H ∩ Y ; then the following are equivalent:
